
368 J. AIRCRAFT VOL. 27, NO. 4

Sensitivity Derivatives of Flutter Characteristics
and Stability Margins for Aeroservoelastic Design

M. Karpel*
Technion —Israel Institute of Technology, Haifa, Israel

Analytical derivatives of flutter dynamic pressure, flutter frequency, gain margins, and phase margins with
respect to various aeroservoelastic design variables are developed. The formulation is based on a first-order
time-domain aeroservoelastic mathematical model. The structure is represented in the model by vibration
modes, the unsteady aerodymanics by minimum-state rational approximation functions, and the control system
is coupled with the aeroelastic system through motion sensors and control surfaces. The sensitivity derivatives
are expressed as exact functions of the stability boundary eigenvectors and of the real-valued system matrix
derivatives with respect to arbitrary design variables. These expressions may be applied to any aeroservoelastic
design variable with respect to which the system matrix derivative is available. System matrix derivatives with
respect to structural stiffness and mass parameters, control gains, actuator parameters, and sensor locations are
presented. The new sensitivity derivatives facilitate efficient gradient-based aeroservoelastic algorithms, which
directly address flutter and stability margin requirements. A numerical example utilizing the mathematical
model of the Active Flexible Wing wind-tunnel model is given. A practical control design problem with roll
maneuver constraints is used to demonstrate the accuracy and usage of the derivatives.

Introduction

THE designer of a flight vehicle is required to show that the
flutter speeds are sufficiently beyond the aircraft flight

envelope and that the control system exhibits sufficient gain
and phase margins. The aeroelastic mathematical models used
to analyze the aeroelastic stability involve various disciplines
such as structural properties, aerodynamics, payload distribu-
tion, and control system characteristics. The preliminary de-
sign of these disciplines usually starts with meeting basic per-
formance and stress requirements. Stability characteristics are
then analyzed and, if margin requirements are not satisfied,
the design variables are to be changed to meet the required
margins with a minimal performance penalty and without
violating other constraints.

When the effect of the control system on flutter characteris-
tics can be neglected and when the aerodynamic planform is
not subjected to changes, the aeroelastic design variables are
stiffness and mass distributions, and the penalty function is
the total weight. The common approach for analyzing the
aeroelastic system in this case is based on second-order fre-
quency-domain formulation of the matrix equations of mo-
tion in modal coordinates.1 Rudisill and Bhatia2 used the
second-order formulation to develop expressions for exact
derivatives of the flutter speed with respect to structural design
variables. Wilkinson et al.3 extended these expressions and
applied them to practical design of minimum-weight aircraft
structures. These flutter derivatives were implemented in the
FASTOP computer program4 for combined flutter and
strength optimization.

In many modern designs of high-maneuver flight vehicles,
the interaction between the aeroelastic and the control systems
cannot be neglected. The control system affects the flutter
boundary, and the aeroelastic system affects the aircraft ma-
neuver performance and the control gain and phase margins.
Even though the aeroservoelastic system can still be analyzed
using second-order formulation,5 application of various mod-
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ern control design techniques require the equations of motion
to be cast in a first-order time-domain (state-space) form.
Aeroservoelastic state-space models are based on rational ap-
proximation of the unsteady aerodynamic forces. Tiffany and
Adams6 reviewed and extended various approximation meth-
ods and applied them in NASA's Interaction of Structures,
Aerodynamics, and Controls (ISAC) computer program.
Among those, the minimum-state method of Karpel7'8 yields a
required level of accuracy with a minimal number of states.

State-space aeroservoelastic models have been used in vari-
ous applications of optimal (full-state feedback) and reduced-
order control techniques such as those of Abel et al.9 and
Mukhopadhyay et al.10 These techniques are based on the
minimization of the sum of weighted mean-square response
parameters. Zeiler and Weisshaar11 performed simultaneous
structural and control optimization by utilizing the multilevel
decomposition technique of Sobieszczanski-Sobieski et al.12

and minimizing a stability index based on the system eigenval-
ues. Even though these methods result in stable systems, they
do not address flutter speed and control gain and phase mar-
gins directly. As a result, the solutions may exhibit low safety
margins, which indicate low robustness.

The main purpose of this work is to develop analytical
expressions for exact derivatives of the flutter dynamic pres-
sure, flutter frequency, and gain and phase margins with
respect to structural and control design variables, based on
state-space formulation. This facilitates an efficient inclusion
of the flutter and stability margins as part of the objective
function and the constraint equations in any gradient-based
design algorithm dealing with aeroservoelastic systems.

Equations of Motion
The equations of motion in this paper follow the time-do-

main aeroservoelastic modeling technique of Ref. 8. The
Laplace transform of the open-loop aeroelastic system equa-
tion of motion, excited by control surface motion reads

(1)

where [MJ, [Bs], and [Ks] are the generalized structural mass,
damping, and stiffness matrices respectively, [Mc] is the cou-
pling mass matrix between the control and the structural
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modes, {£) is the vector of generalized structural displace-
ments, (5) is the vector of control surface commanded deflec-
tions, namely the actuator outputs (in radians), [Qs] and [Qc]
are the unsteady aerodynamic force matrices associated with
the structural and the control modes, and q is the dynamic
pressure. In order to transform Eq. (1) into a time-domain
constant coefficient equation, the aerodynamic matrices have
to be described as rational functions of s. The minimum-state
method7'8 approximates [Q(s)] by

(2)[A2]s2

where 5 is the nondimensionalized Laplace variable s = sb/V,
b is the reference semichord, Fis the true air speed, [R] is a
diagonal matrix with distinct negative terms representing the
aerodynamic lags, and [D] and [E] are aerodynamic coupling
matrices between the modal and aerodynamic states (as shown
below). The real-valued approximation matrices of Eq. (2) are
partitioned into structural and control mode related terms as

[As.ACi] f o r / = 0,1, 2

] = [E5EC]

(3a)

(3b)

(3c)

The resulting time-domain, state-space, open-loop aeroelastic
plant equation of motion is

= l A p ] l x p ] + l B p ] ( u p }

where

(4)

(5a)

[Ap] =

V

(5b)

[Bp] = qb2

Ec

(5c)

where

and {xa} is the vector of aerodynamic states.
The actuator transfer functions can also be expressed in a

state-space form10 as

iXac}=lAae](Xac}+[Bac](u}

{ u p } = [ C a c ] [ x a c }

(6a)

(6b)

where [Aac], [Bac], and [Cac] are the dynamic matrix, the
control distribution matrix, and the output matrix of the
actuators, and {u } is the actuator command inputs. The order

of the actuator state vector is the sum of the orders of the
denominators in the actuator transfer functions. It is assumed
here that the actuators are irreversible, which means that the
control surface hinge moments have negligible effect on the
actuator dynamics. The plant state vector of Eq. (4) can be
augmented by the actuator states, which yields

(7a)

(7b)

where

( x ] = [ A ] [ x }

[y}=[C]{x]

i = M - IA]=\AP BpCac]-UJ' [o Aac y

and where [y } is the sensor reading vector. It is assumed here,
for the sake of simplicity, that the sensor dynamics may be
neglected. The sensors, which are relevant to aeroservoelastic
analysis, are usually either angular velocity meters or accelero-
meters. The [C] matrices associated with these sensors are

and

[Cfl] = [

0 0]

0 0][A]

(8a)

(8b)

where [$] and [$'] the modal deflection and slope matrices at
the sensor inputs and the column partitions are associated with
the state components { £ ) » {£ ], [xa }, and { x a c } .

Equation (7) is the starting point for designing a control
system for the given plant, which adds control states that can
be augmented to the state vector. For the purposes of this
paper, the actuator portion of Eqs. (7), being independent of
flight conditions, is regarded as representing other control
system components such as the electronic components and the
sensors. The open loop or Eqs. (7) can be closed via a gain
matrix [G] that relates {u } to [y }, which results in the closed-
loop equation

{x}=[A]{x} (9)
where

Flutter Characteristics and Stability Margins
The flutter characteristics of Eq. (9) are found by calculat-

ing the complex eigenvalues of [A] at various values of dy-
namic pressure (q) with fixed Mach number (which defines the
aerodynamic force matrices) and true air speed. The flutter
dynamic pressure (#/) is the lowest q at which the real part of
any eigenvalue Re(X/) crosses the zero line to the right side of
the Laplace domain. The flutter frequency o>/ is the value of
the imaginary part of the flutter eigenvalue Im(X/). The flutter
margin associated with the design dynamic pressure qd is de-
fined as

= (qf-qd)/qd (10)

A typical dynamic pressure margin requirement is 0.44 (equiv-
alent to velocity margin of 0.2 required by aviation regula-
tions).

Additional safety margins are required when the control
system is involved. A positive gain margin for a nonzero term
(Gy) of the gain matrix may be conveniently found by setting
q=qd and calculating the root-loci where the magnitude of
Cry is increased starting from its nominal value (Gyn) until
instability occurs at G// = G,*. The gain margin is defined as
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The negative gain margin is found by decreasing the magni-
tude of GIJ until instability occurs. It is assumed here that the
system is stable at qd and the Gijn and G,* have the same sign.

A phase margin for each nonzero gain is found by setting
q = qd and G/, = Gijneieij and by calculating the root loci with
increasing magnitudes of the phase shift #// (positive and nega-
tive) until instability occurs at 0,y = 0%. The gain margin is
defined as

ij = -(360/27r)0(- (12)

Typical aviation regulation gain and phase margin require-
ments are I G M I > 6 dB and \PM I > 60 deg.

In an automated, gradient-based design process, where sta-
bility parameters are calculated at each design step, the flutter
and stability margin derivatives defined in the following sec-
tions may be used to estimate the next-point stability
boundary parameters.

Flutter Derivatives
Once #/and u/are known, an eigenvector extraction routine

can be used to calculate the associated complex column eigen-

vector [Xf] and row eigenvector {Xf] which satisfy

([^(<7/)]-X/[/]){*/) = {0} (13)

and

{ X f } T([A(qf)] — X/ [/]) = {0)T (14)

where X/ = /co/is the flutter eigenvalue and [/] is a unit matrix.
The differentiation of Eq. (13) with respect to a design param-
eter/^, premultiplication by [Xf]T, and the use of Eq. (14) to
nullify the d[X}/dpk term yield

ax {Xf]
(15)

In the same way, the eigenvalue derivative with respect to the
dynamic pressure is

, d(A(q)]
I X r I 'ax

(16)

The system matrix derivatives on the right side of Eqs. (15)
and (16) are discussed in the next section. The differential
increment of X due to simultaneous incremental changes in q
and in pk is

(17)

Equation (17) is a complex equation. When dX is pure imagi-
nary (dX = /do)/), dq is the incremental change in qf. The real
part of Eq. (17) in this case yields the flutter dynamic pressure
derivatives

Re(d\/dpk) (18)

and the imaginary part of Eq. (17) yields the flutter frequency
derivatives

dpk dqj dpk

It should be noted that the only design parameter dependent
term in the flutter derivative expressions of Eqs. (18) and (19)
is d\/dpk, which can be calculated by Eq. (15) using the same
eigenvectors for any design parameter with respect to which
the system matrix derivative is available.

System Matrix Derivatives
Dynamic Pressure

The close-loop system matrix [^4] can be partitioned as

(20)

where the [A®] matrices are the £, £, xa, and xac related
partitions of [A] of Eq. (7). The [A^9 [A™], and [A^] are
not a function of q. The [A(2)] can be expressed as

(21)

A (2)

where [Ms] is defined in Eq. (5) and where

—— ̂ i QD

where the ~ terms in the right side are those of [Bp] of Eq.
(5c) postmultiplied by [Cac] as done in Eq. (7). The differenti-
ation of Eq. (21) with respect to q yields

(22)

where

~~ 5°
A ±A b-A^C0 y^Ci y2*C2

The derivative of [A] with respect to q, based on Eqs. (8), (20),
and (22) is

d(A]
dq

0
^/
0

(23)

where the bottom partition is nonzero only when there are
active acceleration measurements.

Structural Parameters
The structure is represented in the basic aeroservoelastic

model by a limited set of low-frequency natural vibration
modes calculated from a full-size finite-element model. The
mode shapes serve as generalized coordinates, and the general-
ized masses, stiffnesses, and dampings construct the diagonal
[Ms], [Ks], and [Bs] matrices of Eq. (5), respectively. These
properties change when the structural model is modified.
However, if enough modes are taken into account and if the
structural changes are not too large, it may be assumed that
the structural deflections after modifications are still a linear
combination of the original generalized coordinates. Struc-
tural changes are introduced to the aeroservoelastic model in
this case by modifying [Ms] and [Ks] (which become non-
diagonal) without changing the modal coordinates. This as-
sumption is used in many applications such as the optimiza-
tion methods of Refs. 2-4 and 14. The validity of the
assumption can be checked by comparing the flutter charac-
teristics at the end of the resizing process with those obtained
by performing flutter analysis with the new modes calculated
from the modified, finite-element model.
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Differentiation of Eq. (21) with respect to an arbitrary
design variable ps. that affects the stiffness and/or mass pro-
perties yields

where the derivatives on the right side are

^mJ

d[Sfc]
dpSi

(24)

(25a)

(25b)

(25c)

where [K] and [M] are the discrete-coordinate, finite-element
stiffness and mass matrices, [^m] is the vibration mode ma-
trix, and [$c] is the control surface deflections matrix post-
multiplied by the appropriate terms of [Cac] of Eqs. (7). For
most commonly used structural design variables, such as thin
element gages and lumped masses, the stiffness and mass
matrices are linear with ps. and their derivatives are simply

d[K]

d(M] _
dp5i PSi

(26a)

(26b)

where [Kj] and [M/] are zero matrices except for the terms
associated with/?5.. In this case, [Ki\/ps. and [M/]/p5. and the
resulting derivatives of Eqs. (25) are not a function of ps. itself.
Whenp5. is involved with significant geometrical changes, [K]
and [M] may not be linear functions of ps.9 and different
expressions for their derivatives, which are beyond the scope
of this paper, should be used in lieu of Eqs. (26).

Here again, |/1(1)], 1/4(3)], and |/4(4)] are not a function of ps.
and

d[A]
0

dAV>/dps.
0

(27)

where the bottom partition is nonzero only when there are
active acceleration measurements.

Control System Parameters
The control system_ design parameters appear only at the

bottom partition of [A] in Eq. (20) and they may be catego-
rized according to the matrix components that they affect. The
categories are 1) control gains which affect the gain matrix
[G], 2) control system dynamics parameters which are repre-
sented in this paper by the actuator matrices [Aac] and [Bac],
and 3) sensor locations which affect the output matrix [C].

The derivative of [A] with respect to a control gain G//,
which connects the /th actuator with the jih sensor is

d[A]
0
0
0

(28)

where Bat
of [C].

is the /th column of [Bac] and C, is the jth row

The derivative of [A] with respect to a control system dy-
namics parameter pac. is

d[A]

0

0

0

dAQ

(29)

The structure of [Aac] and [Bac] depend on the specific nature
of the control component and the associated state-space mod-
eling technique. Various examples may be found in linear
system books such as that of Kailath.15 The design variables
usually appear in the control system matrices in an explicit and
easy to differentiate form.

The derivative of [A] with respect to the /th location coordi-
nate of they'th sensor pm.. is

d[A]
dpmu

0

0

0 (30)

where Gy is they'th column of [G], and dCj/dpm.. is obtained
by differentiating theyth row of [$] or [$r] of Iiqs. (8) with
respect to the relevant location coordinate, which can be per-
formed by standard spline interpolation routines.

Stability Margin Derivatives
The process of calculating the derivatives of a gain margin

associated with G// starts with finding the value of G// = G,*,
which causes flutter at q* — #</, and calculating the gain mar-
gin GMij using Eq. (11). Since G7* is not a function of G// itself,
the differentiation of Eq. (11) with respect to G// yields

20/^10
(31)

The differentiation of Eq. (11) with respect to another design
variable (which may be another gain) yields

20/lrv 10
dpk

(32)

The incremental change of q* due to simultaneous changes of
Gtj (from GIJ = Gfj ) and pk (from its nominal value) is

dq*f

When dq, = 0, dG0 is actually dG,* , which yields

dq}/3pk

Substitution in Eq. (32) gives

10 dq}/8pk

dq//dGu

(33)

(34)

(35)

where the derivatives on the right side are calculated like those
of the flutter dynamic pressure in Eqs. (13) to (18) but with qd
and G*J replacing qf and G// in the system matrix, which
requires a new set of flutter eigenvectors.
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The process of calculating the derivatives of a phase margin
associated with G# starts with finding the phase shift 0/, = 0%,
which causes flutter at q* = qd. The differentiation of Eq.
(12) with respect to pk yields

(36)

(37)

___ 360 My
dpk 2,ir dpk

Similarly to the development of Eq. (34)

dpk

The dqf/dOij can be calculated by Eq. (18) with d\/dpk re-
placed by

ax*
—— = /G,

., ax*
tin* (38)

Equations (18) and (36-38) yield

2-K GU

lm(d\*/3Gu) cos(0$) + Re(dX*/dG/:/) sin(0*) (39)

where the derivatives on the right side are calculated using
Eqs. (13-18) with q = qd and G// shifted by 0,*.

Application to Control Gain Design
Mathematical Model and Definition of the Problem

The numerical application deals with Rock well's Active
Flexible Wing (AFW) wind-tunnel model to be tested at the
Transonic Dynamics Tunnel, NASA Langley Research Cen-
ter. A top view of the aerodynamic model is given in Fig. 1.
The circles indicate points at which modal data were obtained
from the vibration analysis. The mathematical model consists
of 10 antisymmetric modes: 1 rigid-body (roll), 5 elastic, and
4 control-surface deflection modes. The minimum-state
method of Ref. 8 is used to approximate the Mach 0.9 doublet
lattice tabulated, generalized, unsteady aerodynamic matrices
with four approximation roots, which yields four aerody-
namic augmented states. Four third-order irreversible actua-
tors are used to drive the control surfaces. The constant gain
(zero-order) control system reads a single roll-rate measure-
ment and commands each actuator according to its assigned
control gain. The total order of the closed-loop system is 28
(12 structural, 4 aerodynamic, and 12 actuator states). An
open-loop flutter analysis results in qf= 1.943 psi and
co/ = 87.1 rad/s.

The design dynamic pressure is qd = 1.5 psi. The rigid and
the aeroelastically flexibilized aerodynamic rolling moment
coefficients (rigid L^./q and elastic L8. at qd) associated with
the control surfaces of Fig. 1 are given in Table 1, where the
control effectiveness values are calculated using the modal
method of Ref. 13 with 11 vibration modes. A performance
analysis established that a control law which supplies a rolling
moment of — 3000 Ib-in. per unit aircraft roll velocity (minus
pilot roll command) is required for adequate roll performance
at qd. Since the inboard trailing-edge control surface (2) is
much more effective than the others, a control law which
activates this control surface only has been designed first.
However, this "start-point" control law yields closed-loop
flutter at <// = 1.382 psi, which is of course unacceptable. The
start-point root-loci are shown in Fig. 2.

The design objective in this paper is to find the set of
zero-order control gains that yield the best combination of
closed-loop flutter and stability margins where the control
gains are limited to a maximum absolute value of less than
0.16 rad/(rad/s) and where they are constrained to yield the

Table 1 Aerodynamic control-surface rolling moment
coefficients and static aeroelastic effects

Control
surface no.

1
2
3
4

Rigid Lii/q
(in.Vrad)

189
25,233

670
22,274

Effectiveness
at q = 1.5 psi

20.05
0.64
5.87
0.27

Elastic L&t
(Ib-in./rad)

5,681
24,261
5,901
8,921
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Fig. 1 Top view of the AFW aerodynamic model and structural
grids.
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Fig. 2 Design start-point closed-loop root loci.

10.

required rolling moment of

. = - 3000 (40)

Another practical design guideline is to avoid the activation
of control surfaces whose contributions to the design objec-
tives are insignificant. Since there is only one sensor, the
second subscript of G// of the preceding sections is omitted in
this section. The constraint of Eq. (40) calls for the definition
of a dependent variable. Since G2 is the most effective in roll,
it is chosen to be the dependent variable, such that control
surface 2 compensates for the change in total rolling moment
due to the activation of other control surfaces. The con-
strained differentiation operators with respect to the remain-
ing independent design variables become

(41)

Three cases with different design strategies, which provide
physical insight and demonstrate the accuracy and usage
of the sensitivity derivatives, are described in the following
subsections.

Design for Flutter Margins Only
The objective in this case is to increase the closed-loop

flutter-dynamic pressure as much as possible subject to the
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preceding design limits and constraints. The start-point con-
trol gains and the derivatives of qf with respect to the con-
strained and the unconstrained gains are given in Table 2. It
can be observed that the outboard trailing-edge control sur-
face (4) has a much larger effect on flutter than the others at
this point. Consequently, the design strategy in this case is to
advance in steps where GI = G3 = 0 and G4 is changed to
produce an expected <// increase of 0.1 psi in each step. The
value of the dependent design variable along the design path is
G2 = -0.124-0.368G4 where -0.124 is the start-point value,
and 0.368 is the ratio between L§4 and L&2 of Table 1.

The variations of qf and co/ along the design path are shown
in Figs. 3 and 4, respectively. The actual calculated values at
each point are compared in these figures to those expected
based on previous-point calculated values and their deriva-
tives. It can be observed that the region of G4 = 0.065 to 0.075
is a transition region in which there is a change in the flutter
mechanism. At G4 = 0.067, the procedure does not anticipate
this change and makes a relatively large step to G4 = 0.086.
The same modes (2 and 4 of Fig. 2) are still involved in the

2.2

^ 2.1
V)

^2.0
<D
5 1.9
CO
$ 1.8

: -
I 1-6

I L5
a 1.4
| 1.3

1.2
.00 .01 .02 .03 .04 .05 .06 .07 .08 .09

G4

Fig. 3 Calculated and expected variations of flutter dynamic pres-
sure along the design path.

.00 .01 .02 .03 .04 .05 .06 .07 .08 .09
G4

Fig. 4 Calculated and expected variations of flutter frequency along
the design path.

.00 .01 .02 .03 .04 .05 .06 .07 .08 .09
G4

Fig. 5 Constrained derivatives of the flutter dynamic pressure along
the design path.

flutter mechanism, but branch 2 is now the one that crosses
the imaginary axis with a large drop in qf and w/. From this
point the design is driven back to the point of maximum <?/
(G4 = 0.07, G2=-0.15, qf = 2 psi) and terminates. The
dashed lines plotted in Figs. 3 and 4 between actual flutter
parameters and those expected at the next design point demon-
strate the accuracy of the analytical derivatives of the flutter
characteristics. Significant errors in this first-order prediction
of next-step qf and o>/ occur only in the transition region where
the derivatives change rapidly. The derivatives of qf with
respect to the independent design variables are given in Fig. 5.
It can be observed that d#//dG4 is the largest one along the
entire design path. The gain and phase margins vs G4 are given
in Figs. 6 and 7. Even though the end design point of this case
(G4 = 0.07) yields the maximal <?/, it shows poor gain and
phase margins.

Design for Flutter and Gain Margins
The design objective now is to find the set of gains that

yields the least violation of the typical margin requirements
given before (FM > 0.44, IGMI >6 dB, IPMI > 60 deg).
The inspection of Figs. 3, 6, and 7 indicates that such set (with
G! = G3 = 0) would be G2 - -0.145 and G4 = -0.057, which
yields FM = 0.27, GM2 = GM4 = 2.9 dB, and PM4 = 47 deg.

In order to demonstrate the stability margin derivatives and
their use in a design process, we now attempt to find the
optimal gain set in an automated process that does not
"know" the findings of the previous design case, since the
phase margin and the negative gain margin violation of the
typical requirements has been shown to be consistently lower
than those of the positive gain margins (see Figs. 6 and 7),
only flutter and positive gain margins appear in the objective
function:

——FM
1

GMm
(42)

where

10.

GMm = min {GM/ j

-10.

100.

50.

Fig. 6 Gain margins along the design path.

-50.

-100.
.00 .01 .02 .03 .04 .05 .06 .07 .08 .09

G4

Fig. 7 Phase margins along the design path.
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Table 2 Design start-point control gains
and associated flutter derivatives

0 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2

Step #
Fig. 8 Variations of flutter dynamic pressure, critical gain margins,
and the objective function along the design path.

3.0

£ 2.0-

I 1.0-

0.0
0.02 0.03 0.04 0.05 0.06 0.07

G4
Fig. 9 Variation of the objective function vs €4.

where FM and GMf are the flutter and gain margins defined in
Eqs. (10) and (11). The derivatives of / with respect to the
independent design variables are

dJ 0.1 dqf 1 3GMm

qJFM2 GM^ dGt
/ = 1,3,4 (43)

where the derivatives on the right side are found by employing
Eqs. (18), (31), (35), and (41). Since Eq. (42) requires the start
point to be stable at qd, the initial set of margins is chosen to
be that of the end of the second step in the previous design
case, namely (G} = {0, - 0.135, 0, 0.03). The design process
is programmed to minimize J by performing steepest-descent
steps. The initial step size is 0.01. This value is divided by 2
every time /„>/„_ i.

The design process is first performed with G\ = G3 = 0 (as in
the preceding case). The variations of qf, GM2> C/M4, and J
with the design steps are shown in Fig. 8. The end-point
control gains and the associated flutter dynamic pressure,
critical stability margins, and objective function are compared
in Table 3 to those of the preceding design case and the case
discussed below. It can be observed that the process converges
to the gain set just predicted. The variation of /with G4 in the
range of the design process is shown in Fig. 9. The dashed
lines, which connect Jn values with those expected for Jn + \
based on the derivatives of J, demonstrate the accuracy of the
flutter and gain margin derivatives.

The last design case is now repeated with the same objective
function, initial gains, and step size but with all the indepen-
dent variables, GI, G3, and G4, allowed to change simulta-
neously. The end-point results given in the last column of
Table 3 show that the activation of the leading-edge control
surfaces slightly alleviate the trailing-edge ones and increases
the flutter and the critical gain margins by 8 to 13%. It is up
to the vehicle designer in this case to decide whether these
changes are worth complicating the control system by activat-
ing all four control surfaces for roll maneuvering. Another
approach would be to use the end-point gains of the second

Control
surface no.

1
2
3
4

Gt,
rad-s/rad

0
-0.124

0
0

dqf/dGt
-0.31

4.14
1.23
7.60

dqf/dGi
-1.27

—
0.22
6.08

Table 3 End-point results of the three design cases

Strategy
Minimize J

Maximize q/ with GI = GS = 0 Minimize J
Gi [rad/(rad/s)]
G2 [rad/(rad/s)J
G3 [rad/(rad/s>]
G4 [rad/(rad/s)J
Of (psi)
FM
GM2 (dB)
GM4 (dB)

PM2 (deg)
PM4 (deg)

0
-0.150

0
0.070
2.005
0.336
3.54
1.27

34.5
-29.2

0
-0.145

0
0.057

1.896
0.264

2.89
2.90

-97.5
-49.3

- 0.049
-0.143

0.045
0.054

1.930
0.286

3.26
3.26

- 105.1
-52.4

1.090 0.727 0.656

case in Table 3 as a baseline for designing a higher order
control system and/or performing structural modifications to
increase the flutter and stability margins. This approach could
be performed with the derivatives and design methodology of
this paper but is beyond the scope of this application.

Conclusions
The analytical sensitivity derivatives developed in this paper

advance the automated aeroservoelastic design technology by
facilitating efficient inclusion of flutter characteristics and
stability margins in the objective function. Being based on
state-space form, time-domain, constant-coefficient formula-
tion, the derivatives can be implemented in modern control
design algorithms. The derivative expressions can be directly
applied to any design variable with respect to which the real-
valued system matrix derivative is available. The developed
derivatives with respect to structural and control variables
facilitate application to simultaneous structural and control
system design. The numerical application demonstrates the
accuracy of the derivatives and their efficient usage in a case
where the flutter mechanism changes during the design pro-
cess. The example also demonstrates the application of design
constraints and the importance of simultaneous consideration
of flutter margins and gain margins.
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